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Abstract
In the 2-spinor formalism, the gravity can be dealt with curvature spinors with four spinor
indices. Here we show a new effective method to express the components of curvature spinors in
the rank-2 4 × 4 tensor representation for the gravity in a locally inertial frame. In the process
we have developed a few manipulating techniques, through which the roles of each component of
Riemann curvature tensor are revealed. We define a new algebra ‘sedon’, whose structure is almost
the same as sedenion except the basis multiplication rule. Finally we also show that curvature
spinors can be represented in the sedon form and observe the chiral structure in curvature spinors.
A few applications of the sedon representation, which includes the quaternion form of differential
Binanchi indentity, are also presented.
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I. INTRODUCTION
In the 2-spinor formalism [1–3] all tensors with spacetime indices can be transformed
into spinors with twice the number of spinor indices, i.e. a rank-2 tensor is changed into
a spinor with four spinor indices. In addition, if the tensor is antisymmetric and real, it
can be represented by a sum of two spinors with two spinor indices, and they are complex
conjugate of each other, which indicates that a rank-2 antisymmetric tensor is equivalent
to a spinor with two spinor indices. The Riemann curvature tensor is a rank-4 real tensor
which describes gravitational fields and it has two antisymmetric characters. It means that
the gravity can be described by two spinors with four spinor indices. Those two spinors are
called as curvature spinors: one of them is Ricci spinor and the other is Weyl conformal
spinor [1, 3–5].
At any points on a pseudo-Riemannian manifold, we can find a locally flat coordinate [6],
whose metric is Minkowski. Though the metric is locally Minkowski, the second derivative
of the metric is not necessarily zero and the Riemann curvature tensor as well as curva-
ture spinors do not have to be zero. Here we can obtain the explicit representations of
curvature spinors, whose components can be easily identified by using new techniques, i.e.
manipulating spinor indices and rotating sigma basis in locally flat coordinates [7]. Then all
the components of curvature spinors are represented with simple combinations of Riemann
curvature tensors. The obtained representation can be used not only in a speciallt flat coor-
dinate but also for vielbein indices or in any other normal coordinates, like Riemann normal
coordinate and Fermi coordinate [8–16]. By comparing the final forms of Ricci spinors with
the spinor forms of Einstein equation, we are able to figure out the roles of each component
of Riemann curvature tensor, whose components serve as momentum, energy or stress of
gravitational fields. Furthermore, we find that the Weyl sipnor can be analyzed by divid-
ing into real part and pure imaginary part, henceforth, the components of Weyl conformal
spinor can be represented as a simple combination of Wely tensors in flat coordinate.
There are already a quite few papers that show the relation between sedenion and gravi-
tational field, however, all are restricted to a weak gravitational field in a flat frame [17–20].
Here we express the basis of sedenion as a set of direct product of quaternion basis, through
which we can define a new algebra ‘sedon’, whose structure is similar to sedenion except the
basis multiplication rule. We will show that the curvature spinors for general gravitational
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fields in a locally flat coordinates can be regarded as a sedon. From the sedon form of
curvature spinors, we can get a view of the curvature spinors as the combination of right-
handed and left-handed rotational effects. And we also introduce a few applications of the
sedon form with multiplication techniques. One of the application is the quaternion form
of differential Bianchi identity and, in the process, we introduce a new index notation with
the spatially opposite-handed quantities.
II. TENSOR REPRESENTATION OF A FIELD WITH TWO SPINOR INDICES
In this section we introduce the basics about the 2-spinor formalism, which are explained
in detail in our earlier paper [7].
Any tensor Tabc.. with four dimensional spacetime indices a, b, c, .., can be inverted into a
spinor with spinor indices A,A′, B, B′, .. like TAA′BB′.. by multiplying Infeld-van der Waerden
symbols g aAA′ ,
TAA′BB′.. = Tab..g
a
AA′ g
a
BB′ .. . (1)
In Minkowski spacetime, g aAA′ is
1√
2
σaAA′, where σ
a
AA′ are four-sigma matrices (σ
0, σ1, σ2, σ3);
σ0 is 2× 2 identity matrix and σ1, σ2, σ3 are Pauli matrices. Eq. (1) can be written conven-
tionally as
TAA′BB′.. = Tab... (2)
Any arbitrary anti-symmetric tensor Fab = FAA′BB′ can be expressed as the sum of two
symmetric spinors as
FAA′BB′ = ϕABεA′B′ + εABψA′B′ , (3)
where ϕAB =
1
2
F C
′
ABC′ and ψA′B′ =
1
2
F CC A′B′ are symmetric spinors (unprimed and primed
spinor indices can be switched back and forth each other), and εAB, εA
′B′ , εAB, εA′B′ are the ε-
spinors whose components are ε12 = ε12 = +1, ε
21 = ε21 = −1 [1]; kA = εABkB, kB = kAεAB.
If Fab is real, then ψA′B′ = ϕ¯A′B′ (where ϕ¯ is the complex conjugate of ϕ) and
Fab = FAA′BB′ = ϕABεA′B′ + εABϕ¯A′B′ . (4)
We have shown the components of ϕAB and ϕ¯A′B′ explicitly in flat spacetime in [7]. The
sign conventions for the Minkowski metric is gµν = diag(1,−1,−1,−1).
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For any real anti-symmetric tensor FAA′BB′ , we can write as
FAA′BB′ =
1
2
Fµνσ
µ
AA′σ
ν
BB′ =
1
2
Fµνσ
µ
AA′ σ¯
ν C′CεC′B′εCB, (5)
where σ¯µ = (σ0,−σ1,−σ2,−σ3), then
ϕAB=
1
2
F A
′
AA′B =
1
2
FAA′BB′ε
A′B′
=
1
4
Fµνσ
µ
AA′ σ¯
ν C′CεC′B′εCBε
A′B′ =
1
4
Fµν σ
µ
AA′ σ¯
ν A′CεCB , (6)
ϕ¯A′B′=
1
2
F AAA′ B′ =
1
2
FAA′BB′ε
AB
=
1
4
Fµν σ¯
µC′CσνBB′εA′C′εACε
AB =
1
4
Fµν εA′C′ σ¯
µC′BσνBB′ . (7)
Since
σµAA′ σ¯
ν A′C =


σ0σ0 −σ0σ1 −σ0σ2 −σ0σ3
σ1σ0 −σ1σ1 −σ1σ2 −σ1σ3
σ2σ0 −σ2σ1 −σ2σ2 −σ2σ3
σ3σ0 −σ3σ1 −σ3σ2 −σ3σ3


A
C
=


σ0 −σ1 −σ2 −σ3
σ1 −σ0 −iσ3 iσ2
σ2 iσ3 −σ0 −iσ1
σ3 −iσ2 iσ1 −σ0


A
C
, (8)
ϕ DA = ε
DBϕAB becomes
ϕ DA =
1
4
Fµνσ
µ
AA′ σ¯
ν A′D
=
1
4




0 −F10 −F20 −F30
F10 0 F12 F13
F20 −F12 0 F23
F30 −F13 −F23 0




σ0 −σ1 −σ2 −σ3
σ1 −σ0 −iσ3 iσ2
σ2 iσ3 −σ0 −iσ1
σ3 −iσ2 iσ1 −σ0


T


A
D
=
1
2
(Fi0σ
i − 1
2
i ǫijkFijσ
k) DA , (9)
where i , j , k are the 3-dimensional vector indices which have the value 1, 2 or 3, and
ǫijk is ǫpqkδ
i
pδ
j
q for the Levi-Civita symbol ǫijk. Einstein summation convention is used for
3-dimensional vector indices i, j and k. Similar to (8) and (9),
σ¯µC
′BσνBB′ =


σ0σ0 σ0σ1 σ0σ2 σ0σ3
−σ1σ0 −σ1σ1 −σ1σ2 −σ1σ3
−σ2σ0 −σ2σ1 −σ2σ2 −σ2σ3
−σ3σ0 −σ3σ1 −σ3σ2 −σ3σ3


C′
B′
=


σ0 σ1 σ2 σ3
−σ1 −σ0 −iσ3 iσ2
−σ2 iσ3 −σ0 −iσ1
−σ3 −iσ2 iσ1 −σ0


C′
B′
,(10)
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ϕ¯D
′
B′ = ε
D′A′ϕ¯A′B′ = −1
4
Fµν σ¯
µD′BσνBB′ =
1
2
(Fi0σ
i +
1
2
i ǫijkFijσ
k)D
′
B′ . (11)
If we denote matrix representation of εAB by ε, then
σµε = (σ0, σ1, σ2, σ3)ε = (iσ2,−σ3, iσ0, σ1), (12)
εσµ = ε(σ0, σ1, σ2, σ3) = (iσ2, σ3, iσ0,−σ1). (13)
Let us define sµ and s¯µ as
s0 = iσ2, s1 = −σ3, s2 = iσ0, s3 = σ1, (14)
s¯0 = iσ2, s¯1 = −σ3, s¯2 = −iσ0, s¯3 = σ1, (15)
where s¯µ is complex conjugate of sµ. Then
σµε = (s0, s1, s2, s3), (16)
εσµ = (s0,−s1, s2,−s3) = (s¯0,−s¯1,−s¯2,−s¯3), (17)
and
ϕAB= ϕ
D
A εDB =
1
2
(Fi0s
i − 1
2
i ǫijkFijs
k), (18)
ϕA′B′= ϕ
D′
B′εD′A′ = −εA′D′φD
′
B′ =
1
2
(Fi0s¯
i +
1
2
i ǫijkFij s¯
k), (19)
where si have unprimed indices si = siAB and s¯
i have primed indices s¯i = s¯iA′B′ .
III. EINSTEIN FIELD EQUATIONS AND CURVATURE SPINORS
In this section we introduce the basics about general relativity in the 2-spinor formalism,
and flat coordinates on the pseudo-Riemannian manifold. For a (torsion-free) Riemann
curvature tensor
Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓλνσΓµλρ − ΓλνρΓµλσ, (20)
where Γρµν is a Chistoffel symbol
Γρµν =
1
2
gρλ(∂µgνλ + ∂νgµλ − ∂λgµν). (21)
Here Rµνρσ has follwing properties [6]
Rµνρσ = −Rνµρσ , (22)
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Rµνρσ = −Rµνσρ , (23)
Rµνρσ = Rρσµν . (24)
In short, we can denote as
Rµνρσ = R([µν][ρσ]), (25)
where parentheses ( ) and square brackets [ ] indicates symmetrization and anti-symmetrization
of the indices [6]. The Riemann curvature tensor has two kinds of Bianchi identities
Rµ[νρσ] = 0, (26)
∇[λRµν]ρσ = 0, (27)
where ∇λAµ = ∂λAµ + ΓµνλAν .
From the antisymmetric properties of Riemann curvature tensor, it can be decomposed
into sum of curvature spinors, XABCD and ΦABC′D′, as
Rabcd=
1
2
R X
′
AX′B cdεA′B′ +
1
2
R XXA′ B′ cdεAB
= ΦABC′D′ǫA′B′ǫCD + Φ¯A′B′CDǫABǫC′D′ +XABCDǫA′B′ǫC′D′ + X¯A′B′C′D′ǫABǫCD,(28)
where
XABCD = R
X′ Y ′
AX′B CY ′D , ΦABC′D′ = R
X′ Y
AX′B Y C′ D′. (29)
The totally symmetric part of XABCD
ΨABCD = XA(BCD) = X(ABCD) (30)
is called gravitational spinor or Weyl conformal spinor, and ΦABC′D′ is referred as Ricci
spinor [1, 4, 5]. It is well known that
ΦAA′BB′ = Φab = Φba = Φ¯ab, Φ
a
a = 0, (31)
and Einstein tensor is
Gab = Rab − 1
2
Rgab = −Λgab − 2Φab, (32)
where Λ = X ABAB , which is equal to R/4 [1]. Therefore, the Einstein field equation
Gab + λgab = 8πGTab, (33)
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where λ is a cosmology constant, can be written in the form
Φab = 4πG(−Tab + 1
4
T qq gab), Λ = −2πGT qq + λ. (34)
Since any symmetric tensor Uab can be expressed as
Uab = UAA′BB′ = SABA′B′ + εABεA′B′τ, (35)
where τ = 1
4
T cc and SABA′B′ is traceless and symmetric [1], the traceless part of the energy-
momentum (symmetric) tensor Tab can be written by Sab = Tab − 14T cc gab. Therefore, the
spinor form of Einstein equations (34) becomes
ΦABA′B′ = −4πGSABA′B′ , X ABAB = −8πGτ + λ. (36)
Weyl tensor Cµνρσ which is another measure of the curvature of spacetime, like Riemann
curvature tensor, is defined as [6, 21]
Cµνρσ = Rµνρσ +
1
2
(Rµσgνρ − Rµρgνσ +Rνρgµσ − Rνσgµσ) + 1
6
R(gµρgσν − gµσgνρ). (37)
It has the same propterties with (22), (23) and (26). It is known [1] that Weyl tensor has
the following relationship with Weyl conformal spinor ΨABCD:
Cabcd = ΨABCDεA′B′εC′D′ + Ψ¯A′B′C′D′εABεCD. (38)
At any point P on the pseudo-Riemannian manifold, we can find a flat coordinate system,
such that,
gµν(P ) = ηµν ,
∂gµν
∂xλ
∣∣∣∣
P
= 0, (39)
where gµν(P ) is the metric at the point P and ηµν is the Minkowski metric. In this coordinate
system, while the Christoffel symbol is zero, the Riemann curvature tensor is [22, 23]
Rµνρσ =
1
2
(∂ν∂ρgµσ − ∂ν∂σgµρ + ∂µ∂σgνρ − ∂µ∂ρgνσ). (40)
For future use we introduce Fermi coordinate, which is one of the locally flat coordinate
whose time axis is a tangent of a geodesic. The coordinate follows the Fermi conditions
gµν |G = ηµν , Γρµν |G = 0, (41)
along the geodeic G.
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IV. THE TENSOR REPRESENTATION OF CURVATURE SPINORS
In this section we show the process of representing curvature spinors in 4 × 4 matrices
or 3 × 3 matrices. And we discuss physical implications of those representations. From now
on, we will always use locally flat coordinate for spacetime indices, and use small letters
i, j...z as a three dimensional indices, which can be 1, 2 or 3; while small letters a, b...h as a
four dimensional indices, which can be 0, 1, 2 or 3. From (4) and (28), we can lead to
Rabcd= φAB,cdεA′B′ + εABφ¯A′B′,cd
= ΦABC′D′ǫA′B′ǫCD + Φ¯A′B′CDǫABǫC′D′ +XABCDǫA′B′ǫC′D′ + X¯A′B′C′D′ǫABǫCD,(42)
where
φAB,cd =
1
2
(Ri0 cds
i − 1
2
i ǫijkRij cds
k), (43)
φ¯A′B′,cd =
1
2
(Ri0 cds¯
i +
1
2
i ǫijkRij cds¯
k), (44)
from (18) and (19). We write here the form of ǫijk as ǫijk for convenience; it is not so difficult
to recover the upper- and lower-indices. By decomposing φAB,cd one more times, we get
ΦABC′D′=
1
4
(Ri0 j0s
is¯j +
1
2
iǫpqrRi0 pqs
is¯r − 1
2
iǫijkRij l0s
ks¯l +
1
4
ǫijkǫpqrRij pqs
ks¯r),
=
1
4
(Rk0 l0 +
1
2
iǫpqlRk0 pq − 1
2
iǫijkRij l0 +
1
4
ǫijkǫpqlRij pq)s
ks¯l, (45)
XABCD=
1
4
(R0i 0js
isj − 1
2
iǫpqrR0i pqs
isr − 1
2
iǫijkRij 0ls
ksl − 1
4
ǫijkǫpqrRij pqs
ksr)
=
1
4
(R0k 0l − 1
2
iǫpqlR0k pq − 1
2
iǫijkRij 0l − 1
4
ǫijkǫpqlRij pq)s
ksl. (46)
We note that Φ and X are expressed with two 3-dimensional basis like the form in 3×3
basis. Even though there is no 0-th base, which may be related to the curvature of time,
Φ and X can fully describe the spacetime structure. If Φ and X are represented in Fermi
coordinate, the disappearance of 0-th compomonents of the si basis may come from the fact
that time follows proper time. However, since here (45) and (46) are expressed not only in
Fermi coordinate but also in general locally flat coordinates, the representations (45) and
(46) may demand a new interpretation of time, which is not just as a component of fourth
axis in 4-dimension.
We can divide (45) into two terms by defining
Pij ≡ 1
2
ǫpqjRi0 pq − 1
2
ǫpqiRj0 pq, (47)
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Sij ≡ R0i 0j + 1
4
ǫpqiǫrsjRpq rs, (48)
Θij ≡ Ri0 j0 + 1
2
iǫpqjRi0 pq − 1
2
iǫpqiRpq j0 +
1
4
ǫpqiǫrsjRpq rs = Sij + i Pij, (49)
where Pij is anti-symmetric and Sij is symmetric for i, j. Then (45) is represented as
ΦABC′D′ =
1
4
Θijs
i
ABs¯
j
C′D′ . (50)
The components of Pij and Sij can be simply expressed as
−1
2
ǫijkPij= −1
4
(ǫijkǫpqjRi0 pq − ǫijkǫpqiRj0 pq) = R0i ki , (51)
Si j= R0i 0j + εi pqεj rsRpq rs , (52)
Si i= R0i 0i + |εi pq|Rpq pq , (53)
where the underlined symbols in subscripts are the value-fixed indices which does not sum
up for dummy indices; one of example is S11 = R01 01 +R23 23.
We can express ΦABCD as a tensor by multiplying g
AC′
µ , which is
g AB
′
µ = ε
ACεB
′D′gµνg
ν
CD′ =
1√
2
(σ0, σ1,−σ2, σ3)AB′ = 1√
2
σt AB
′
µ =
1√
2
σ∗ AB
′
µ , (54)
where sigma matrices with superscript σt and σ∗ mean the transpose and the complex
conjugate of σ. To calculate ΦABC′D′g
AC′
µ g
BD′
ν = (1/4Θijs
i
AB s¯
j
C′D′)g
AC′
µ g
BD′
ν , let us define
f(k, l)µν = σ
k
ABσ
l
C′D′g
AC′
µ g
BD′
ν =
1
2
(σkABσ
l
C′D′)σ
∗ AC′
µ σ
∗ BD′
ν . (55)
Values of f(k, l)µν are shown in Table I. Using this table, we get 4 × 4 representation of
ΦABC′D′ as
Φµν = ΦABC′D′g
AC′
µ g
BD′
ν
=
1
4


(Θ12s
1s¯2 +Θ21s
2s¯1)
+(Θ23s
2s¯3 +Θ32s
3s¯2)
+(Θ31s
3s¯1 +Θ13s
1s¯3)
+(Θ11s
1s¯1 +Θ22s
2s¯2 +Θ33s
3s¯3)


ABC′D′
g AC
′
µ g
BD′
ν
=
1
4


(iΘ12f(3, 0)− iΘ21f(0, 3))
+(iΘ23f(0, 1)− iΘ32f(1, 0))
+(−Θ31f(1, 3)−Θ13f(3, 1))
+(Θ11f(3, 3) + Θ22f(0, 0) + Θ33f(1, 1))


µν
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f(0, 1)µν =


0 1 0 0
1 0 0 0
0 0 0 i
0 0 i 0


, f(1, 0)µν =


0 1 0 0
1 0 0 0
0 0 0 −i
0 0 −i 0


, f(3, 1)µν =


0 0 i 0
0 0 0 1
i 0 0 0
0 1 0 0


,
f(1, 3)µν =


0 0 −i 0
0 0 0 1
−i 0 0 0
0 1 0 0


, f(0, 3)µν =


0 0 0 1
0 0 −i 0
0 −i 0 0
1 0 0 0


, f(3, 0)µν =


0 0 0 1
0 0 i 0
0 i 0 0
1 0 0 0


,
f(0, 0)µν =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


, f(1, 1)µν =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


, f(3, 3)µν =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


.
TABLE I. The lists of f(k, l)µν = σ
k
ABσ
l
C′D′g
AC′
µ g
BD′
ν .
=
1
2


1
2
(S11+S22+S33) −P23 −P31 −P12
−P23 12(−S11+S22+S33) −S12 −S31
−P31 −S12 12(S11−S22+S33) −S32
−P12 −S31 −S32 12(S11+S22−S33)


, (56)
which is a real tensor and Φµνη
µν = 0, as expected.
From Eqs. (32, 33, 56), we can find that Pij and Sij are also non-diagonal components
of Gµν and Tµν . By comparing Eq. (34) with Eq. (56), we can interpret Pij/(8πG) as a
momentum and Sij/(8πG) as a stress of a spacetime fluctuation. We can also observe from
(47) and (48) that the component of the Riemann curvature tensor of the form Rj0 pq is
linked to a momentum, and the form Ri0 j0, Rpq rs linked to a stress-energy.
Now we investigate XABCD and ΨABCD more in detail. Before representing X and Ψ in
matrix form, we can check (46) to find out whether Λ = X ABAB = R/4 or not. From the
properties of Riemann curvature tensor, Ricci scalar is
R = R µνµν = 2R
0i
0i +R
ij
ij = 2R0iρσg
ρ0gσi +Rijρσg
ρigσj . (57)
For Minckowski metric gµν = ηµν , R becomes
R = −2Ri0i0 +Rijij . (58)
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Because
skABs
l
CDε
CAεDB = σk PA εPBσ
l Q
C εQDε
CAεDB = (εCAσk DA )(σ
l Q
C εQD)
= −Tr(s¯ksl) =

−2 (k = l)
0 (k 6= l)

 , (59)
we can finally see that
X ABAB = XABCDε
CAεDB
=
1
4
(−2R0l 0l + 1
2
ǫijlǫpqlRij pq) =
1
4
(−2R0l 0l +Rij ij) = R
4
(60)
from Eq. (46). We have used ǫpqlR0l pq = 0 by Bianchi identity.
To represent the spinors X and Ψ in simple matrix forms, we first define
Qij ≡ 1
2
ǫpqjRi0 pq +
1
2
ǫpqiRj0 pq, (61)
Eij ≡ R0i 0j − 1
4
ǫpqiǫrsjRpq rs, (62)
Ξij ≡ Ri0 j0 − 1
4
ǫpqiǫrsjRpq rs − 1
2
iǫpqjRi0 pq − 1
2
iǫpqiRpq j0 = Eij − i Qij , (63)
where Qij and Eij both are symmetric for i, j. Then, we have
XABCD =
1
4
Ξijs
i
ABs
j
CD, (64)
from (46). This can be expressed in a 4 × 4 matrix form by multiplying the factors in a
similar way to the (56), but here it is useful to multiply by (σε)∗ ACµ (σε)
∗ BD
ν = s¯
AC
µ s¯
BD
ν for
simplicity, instead of σ ACµ σ
BD
ν , where the components of s¯
AC
µ is equal to s¯
µ defined in (15):
XABCD s¯
AC
µ s¯
BD
ν = (
1
4
Ξijs
i
ABs
j
CD)s¯
AC
µ s¯
BD
ν
=
1
2


−Ξ11 − Ξ22 − Ξ33 −iΞ23 + iΞ32 iΞ13 − iΞ31 −iΞ12 + iΞ21
−iΞ23 + iΞ32 Ξ11 − Ξ22 − Ξ33 Ξ12 + Ξ21 Ξ13 + Ξ31
iΞ13 − iΞ31 Ξ12 + Ξ21 −Ξ11 + Ξ22 − Ξ33 Ξ23 + Ξ32
−iΞ12 + iΞ21 Ξ13 + Ξ31 Ξ23 + Ξ32 −Ξ11 − Ξ22 + Ξ33


. (65)
Since Ξij is symmetric for i, j, it becomes
=


−Ξ11 − Ξ22 − Ξ33 0 0 0
0 Ξ11 − Ξ22 − Ξ33 2Ξ12 2Ξ13
0 2Ξ12 −Ξ11 + Ξ22 − Ξ33 2Ξ23
0 2Ξ13 2Ξ23 −Ξ11 − Ξ22 + Ξ33


. (66)
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For Wely conformal spinor ΨABCD =
1
3
(XABCD +XACDB +XADBC),
ΨABCDs¯
AC
µ s¯
BD
ν =
1
12
Ξij(s
i
ABs
j
CD + s
i
ACs
j
DB + s
i
ADs
j
BC)s¯
AC
µ s¯
BD
ν
=
1
3


0 −iΞ23 + iΞ32 iΞ13 − iΞ31 −iΞ12 + iΞ21
0 2Ξ11 − Ξ22 − Ξ33 2Ξ12 + Ξ21 2Ξ13 + Ξ31
0 Ξ12 + 2Ξ21 −Ξ11 + 2Ξ22 − Ξ33 2Ξ23 + Ξ32
0 Ξ13 + 2Ξ31 Ξ23 + 2Ξ32 −Ξ11 − Ξ22 + 2Ξ33


. (67)
Considering the symmetricity of Ξ, it becomes
=
1
3


0 0 0 0
0 2Ξ11 − Ξ22 − Ξ33 3Ξ12 3Ξ13
0 3Ξ12 −Ξ11 + 2Ξ22 − Ξ33 3Ξ23
0 3Ξ13 3Ξ23 −Ξ11 − Ξ22 + 2Ξ33


. (68)
The components of XABCD,ΨABCD are expressed as symmetric tensors. As we can see
on (67) and (68), Ξij includes all information of ΨABCD. Because of Wely tensor Cabcd =
ΨABCDεA′B′εC′D′ + Ψ¯A′B′C′D′εABεCD, we may conclude that all informations of Weyl tensor
are comprehended in Ξij .
The form of (68) is similar to the tidal tensor Tij with a potential U = −U0/r =
−U0/
√
x2 + y2 + z2:
Tij =
U0
r5


2x2 − y2 − z2 3xy 3xz
3xy −x2 + 2y2 − z2 3yz
3xz 3yz −x2 − y2 + 2z2

 , (69)
where Tij = Jij − Jaa δij and Jij = δ2U/δxiδxj [24, 25]. The similarity may come from the
link between tidal forces and Weyl tensor. The tidal force in general relativity is described
by the Riemann curvature tensor. The Riemman curvature tensor Rabcd can be decomposed
to Rabcd = Sabcd + Cabcd, where Cabcd is a traceless part which is a Weyl tensor and Sabcd
is a remaining part which consists of Ricci tensor Rab = R
c
acb and R = R
a
a [6]. In the
Schwartzchild metric, since R = Rab = Sabcd = 0 but Cabcd 6= 0, the tidal forces are described
by Weyl tensor. This shows that Cabcd, ΨABCD and Ξij are all related to the tidal effects.
The components of Ψ and Ξ can be represented with Weyl tensors. In a flat coordinate,
by using
Rµρ = Rµνρσg
νσ = Rµ0ρ0 − Rµiρi (70)
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and Eq. (58), the components of Weyl tensor (37) can be expressed as
C0p0q = Cj p j q =
1
2
R0p0q +
1
2
Rpjqj (for p 6= q) , (71)
C0p0p = −Ci j i j = 1
2
R0p0p − 1
2
R0k0k +
1
2
Rpkpk − 1
2
Rklkl , (72)
Cp0pq = Rp0pq − 1
2
R0iqi , (73)
Ci0pq = Ri0pq . (74)
Comparing Eq. (71) – Eq. (74) with (61) and (62), we find that
C0p0q = Cj p j q =
1
2
Epq (for p 6= q) , (75)
C0p0p = −Ci j i j = 1
6
(3Epp − E11 −E22 − E33) , (76)
Cp0pq = ǫi p q
Qi p
2
, (77)
Ci0pq = ǫi p q
Qii
2
(for i 6= p and i 6= q) . (78)
Therefore, (68) can be rewritten to
Ψij = ΨABCDs¯
AC
i s¯
BD
j = 2C0i0j − iǫipqCj0pq +
i
3
ǫlpqCl0pq . (79)
Since ǫlpqCl0pq = Q11 +Q22 +Q33 is zero by Bianchi identity, it becomes
Ψij = ΨABCDs¯
AC
i s¯
BD
j = 2C0i0j − iǫipqCj0pq . (80)
And Eq. (63) can be reformulated to
Ξij = 2C0i0j − R
6
δij − iǫipqCj0pq , (81)
where R = −2Eii = −2Ξii = −2(E11+E22+E33). Therefore, we can finally find the relation
Ξij = Ψij − R
6
δij . (82)
Here we can see the equivalence and the direct correspondences among ΨABCD, Ξij and Weyl
tensor.
V. DEFINITION OF SEDON AND RELATIONS AMONG SPINORS, SEDENION
AND SEDON
In this section, we investigate the basis of sedenion and we define a new algebra which
is a similar structure to sedenion. Sedenion is 16 dimensional noncommutative and nonas-
sociative algebra, which can be obtained from Cayley-Dickson construction [26, 27]. The
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e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
e0 e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
e1 e1 -e0 e3 -e2 e5 -e4 -e7 e6 e9 -e8 -e11 e10 -e13 e12 e15 -e14
e2 e2 -e3 -e0 e1 e6 e7 -e4 -e5 e10 e11 -e8 -e9 -e14 -e15 e12 e13
e3 e3 e2 -e1 -e0 e7 -e6 e5 -e4 e11 -e10 e9 -e8 -e15 e14 -e13 e12
e4 e4 -e5 -e6 -e7 -e0 e1 e2 e3 e12 e13 e14 e15 -e8 -e9 -e10 -e11
e5 e5 e4 -e7 e6 -e1 -e0 -e3 e2 e13 -e12 e15 -e14 e9 -e8 e11 -e10
e6 e6 e7 e4 -e5 -e2 e3 -e0 -e1 e14 -e15 -e12 e13 e10 -e11 -e8 e9
e7 e7 -e6 e5 e4 -e3 -e2 e1 -e0 e15 e14 -e13 -e12 e11 e10 -e9 -e8
e8 e8 -e9 -e10 -e11 -e12 -e13 -e14 -e15 -e0 e1 e2 e3 e4 e5 e6 e7
e9 e9 e8 -e11 e10 -e13 e12 e15 -e14 -e1 -e0 -e3 e2 -e5 e4 e7 -e6
e10 e10 e11 e8 -e9 -e14 -e15 e12 e13 -e2 e3 -e0 -e1 -e6 -e7 e4 e5
e11 e11 -e10 e9 e8 -e15 e14 -e13 e12 -e3 -e2 e1 -e0 -e7 e6 -e5 e4
e12 e12 e13 e14 e15 e8 -e9 -e10 -e11 -e4 e5 e6 e7 -e0 -e1 -e2 -e3
e13 e13 -e12 e15 -e14 e9 e8 e11 -e10 -e5 -e4 e7 -e6 e1 -e0 e3 -e2
e14 e14 -e15 -e12 e13 e10 -e11 e8 e9 -e6 -e7 -e4 e5 e2 -e3 -e0 e1
e15 e15 e14 -e13 -e12 e11 e10 -e9 e8 -e7 e6 -e5 -e4 e3 e2 -e1 -e0
TABLE II. The multiplication table of sedenion. For convenience, ‘eN ’s are represented as ‘eN’ ;
e.g. e3 → e3.
multiplication table of sedenion basis is shown in Table II. The elements of sedenion basis can
be represented in the form ei = q
µ⊗ q′µ′ = qµµ′ with i = µ+4ν, where qµ = (1, i, j,k), q′µ′ =
(1, i′, j′,k′). The multiplication rule can be written by ei ∗ ej = qµµ′ ∗ qνν′ = sµµ′νν′ qµµ′qνν′,
where sµµ′νν′ is +1 or -1, which is determined by µ, µ
′, ν, ν ′ [7].
Table III shows the multiplication table of an algebra which is similar to sedenion. It is
consisted of 16 basis ei = q
µ ⊗ q′µ′ with i = µ + 4ν and the multiplication rule ei ∗ ej =
(qµ⊗ q′µ′) ∗ (qµ⊗ q′µ′) = (qµqµ⊗ q′µ′q′µ′). The table is almost the same as the multiplication
table of sedenion basis, but just differs in signs. The signs of red colored elements in Table
III differ from Table II. We will call this algebra as ‘sedon’.
Sedon can be written in the form
S = A0 + | ~B}+ { ~C|+ {←→D } = A0 +BiqiR + CiqiL +Dijuij, (83)
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e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
e0 e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
e1 e1 -e0 e3 -e2 e5 -e4 e7 -e6 e9 -e8 e11 -e10 e13 -e12 e15 -e14
e2 e2 -e3 -e0 e1 e6 -e7 -e4 e5 e10 -e11 -e8 e9 e14 -e15 -e12 e13
e3 e3 e2 -e1 -e0 e7 e6 -e5 -e4 e11 e10 -e9 -e8 e15 e14 -e13 -e12
e4 e4 e5 e6 e7 -e0 -e1 -e2 -e3 e12 e13 e14 e15 -e8 -e9 -e10 -e11
e5 e5 -e4 e7 -e6 -e1 e0 -e3 e2 e13 -e12 e15 -e14 -e9 e8 -e11 e10
e6 e6 -e7 -e4 e5 -e2 e3 e0 -e1 e14 -e15 -e12 e13 -e10 e11 e8 -e9
e7 e7 e6 -e5 -e4 -e3 -e2 e1 e0 e15 e14 -e13 -e12 -e11 -e10 e9 e8
e8 e8 e9 e10 e11 -e12 -e13 -e14 -e15 -e0 -e1 -e2 -e3 e4 e5 e6 e7
e9 e9 -e8 e11 -e10 -e13 e12 -e15 e14 -e1 e0 -e3 e2 e5 -e4 e7 -e6
e10 e10 -e11 -e8 e9 -e14 e15 e12 -e13 -e2 e3 e0 -e1 e6 -e7 -e4 e5
e11 e11 e10 -e9 -e8 -e15 -e14 e13 e12 -e3 -e2 e1 e0 e7 e6 -e5 -e4
e12 e12 e13 e14 e15 e8 e9 e10 e11 -e4 -e5 -e6 -e7 -e0 -e1 -e2 -e3
e13 e13 -e12 e15 -e14 e9 -e8 e11 -e10 -e5 e4 -e7 e6 -e1 e0 -e3 e2
e14 e14 -e15 -e12 e13 e10 -e11 -e8 e9 -e6 e7 e4 -e5 -e2 e3 e0 -e1
e15 e15 e14 -e13 -e12 e11 e10 -e9 -e8 -e7 -e6 e5 e4 -e3 -e2 e1 e0
TABLE III. The multiplication table of sedon.
∼ ⊗ 1 ∼ ⊗ i ∼ ⊗ j ∼ ⊗ k
1 ⊗ ∼ A0 B1 B1 B1
i ⊗ ∼ C1 D11 D12 D13
j ⊗ ∼ C2 D21 D22 D23
k ⊗ ∼ C3 D31 D32 D33
TABLE IV. The representation of coefficients of sedon.
where qiR = 1⊗qi, qiL = qi⊗1, uij = qi⊗qj, | ~B} = BiqiR, { ~C| = CiqiL, and {
←→
D } = Dijuij. We
can name | ~B} as ‘right svector’, { ~C| as ‘left svector’, and {←→D } as ‘stensor’. The coefficient
of sedon can be represented as in Table IV. For example, D13 is a coefficient of i⊗ k term.
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Now we will see the relation between Ricci spinors and the sedon. Since
σi CA εCB = s
i
AB, εA′C′σ
C′
B′ = −s¯iA′B′ , (84)
therefore
σi BA = −siACεCB, σi C
′
B′ = ε
C′A′ s¯iA′B′ . (85)
Eq. (50) can be reformulated as
Φ QP
′
A D′ = ε
P ′C′ΦABC′D′ε
BQ =
1
4
Θijε
P ′C′siAB s¯
j
C′D′ε
BQ = −1
4
Θijσ
i Q
A σ
j P ′
D′ . (86)
Since qi = (i, j,k) is isomorphic to −iσi = (−σ1i,−σ2i,−σ3i), we can set qi = −iσi. And
Eq. (86) can be written as
Φ QP
′
A D′ =
1
4
Θijq
i Q
A q
j P ′
D′ , (87)
which can be regarded as a sedon. In a similar way, XABCD can be written as
X B DA C =
1
4
Ξkl q
k B
A q
l C
D . (88)
From Eq. (87), a Ricci spinor can be interpreted as a combination of a right-handed and
a left-handed rotational operations, since the basis has the form ‘left-handed quaternion ⊗
right- handed quaternion’. Following the rotational interpretation of Cayley-Dickson algebra
[7], it can be interpreted as the 2-fold rotation ⊗ 2-fold rotation.
For two quaternions A. = Aiq
i = a1i+a2j+a3k and B. = Bjq
j = b1i+b2j+b3k, which can
be represented in the 2 × 2 matrix representation with spinor indices (Aiqi DC and Bjqj DC ),
the multiplication of them can be written as
A. B. = Aiq
i D
C Bjq
j E
D = −AiBiδ EC + ǫijkAiBjqk EC . (89)
We can use this to express multiplications of spinors. One of the example is
Φ BC
′
A D′Φ
ED′
B F ′= θijq
i B
A q
j C′
D′ θrsq
r E
B q
sD′
F ′
= (−θljθlsδ EA + ǫpquθpjθqsqu EA )qj C
′
D′q
sD′
F ′
= θlkθlk δ
E
A δ
C′
F ′ − ǫmnvθlmθln qv C
′
F ′δ
E
A
−ǫpquθplθql qu EA δC
′
F ′ + ǫmnvǫpquθpmθqn q
u E
A q
v C′
F ′, (90)
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where θij =
1
4
Θij . The result is also a sedon form. Above example shows not only multipli-
cations of Φ BC
′
A D′ but also the general multiplication of stensor. Here is an another example:
An antisymmetric differential operator ∇[a∇b] can be divided into two parts
∆ab = 2∇[a∇b] = ǫA′B′AB + ǫABA′B′ , (91)
where AB =
1
2
∆ A
′
AA′B and A′B′ =
1
2
∆ AAA′ B′ . As we can see in (9) and (11), each term
can be considered as a quaternion.

B
A =
1
4
∆µνσ
µ
AA′σ¯
ν A′B =
1
2
(i∆k0 +
1
2
ǫijk∆ij) q
k B
A (92)
¯
A′
B′ = −
1
4
∆µν σ¯
µA′CσνCB′ =
1
2
(i∆k0 − 1
2
ǫijk∆ij) q
kA′
B′ . (93)
Then,  BA Φ
CD′
B E′ can be considered as a multiplication of a quaternion and a sedon.

B
A Φ
CD′
B E′= ♭k q
k B
A θijq
i C
B q
j D′
E′
= −♭p θpjδ CA qj D
′
E′ + ǫkip♭k θijq
p C
A q
j P
T
= −i∆p0θpj δ CA qj D
′
E′ −
1
2
ǫrsp∆rsθpj δ
C
A q
j D′
E′
+i ǫkip∆k0θij q
p C
A q
j D′
E′ +
1
2
ǫlqk∆lqǫkipθij q
p C
A q
j D′
E′, (94)
where ♭k ≡ i∆k0+ 12ǫijk∆ij . ǫlqk∆lqǫkipθij in the last term can be changed as ∆qpθqj−∆pqθqj =
2∆qpθqj. The result (94) is in a sedon form. Using those expressions, we can represent the
quantities with spinor indices as sedon forms whose elements are components of tensors.
VI. A FEW EXAMPLES OF CURVATURE SPINORS IN A LOCALLY FLAT CO-
ORDINATE
A. Weyl conformal spinor for the Schwarzschild metric: An Example of Section
IV
It is known that the Schwarzschild metric can be represented in Fermi normal coordinate
[28]. In Schwarzschild coordinate xµ
′
= (T,R,Θ,Φ), the metric is displayed in the form
ds2 = gµ′ν′dy
µ′dyν
′
= −fdT 2 + f−1dR2 +R2dΘ2 +R2sin2Θ dΦ2 , (95)
where f = 1− 2GM/R. The basis of a constructed Fermi coordinate xµ = (t, x, y, z) is
e0= ∂/∂t|G = T ′ ∂/∂T +R′ ∂/∂R,
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e1= ∂/∂x|G = X−1R′ ∂/∂T + fT ′ ∂/∂R,
e2= ∂/∂y|G = 1/R ∂/∂Θ,
e3= ∂/∂z|G = 1/R sinΘ ∂/∂Φ, (96)
where the primes indicate derivatives with respect to proper time t. The non-zero compo-
nents of the Riemann curvature tensor Rµ′ν′ρ′σ′ in Schwarzschild coordinate are
R1′0′1′0′= 2GM/R
2,
R3′0′3′0′= −(fGM/R)sin2Θ,
R1′2′1′2′= GM/(fR),
R2′0′2′0′= −fGM/R,
R2′3′2′3′= −2GMRsin2Θ,
R1′3′1′3′= (GM/RX)sin
2Θ. (97)
Then the Riemman curvature tenor Rµνρσ in the Fermi coordinate is
R10 10= 2GM/R
3,
R20 20= R30 30 = −GM/R3,
R12 12= R13 13 = GM/R
3,
R23 23= −2GM/R3. (98)
From Eqs. (47), (48), (61) and (62), we can observe that Pij = Sij = Qij = 0, but
E11 = 4GM/R
3 and E22 = E33 = −2GM/R3. Classically, the tidal acceleration of black
hole along the radial line is −2GM/r3δX , and the acceleration perpendicular to the radial
line is GM/r3δX , where δX is the separation distance of two test particles. In this example,
the link between Ξij and tidal accelerations has been shown.
B. The spinor form of the Einstein-Maxwell equation: An Example of Section V
Einstein-Maxwell Equations, which is Einstein Equations in presence of electromagnetic
fields, is known [29] as
Rµν − 1
2
gµνR = 8πG(FµσF
σ
ν − gµν
1
4
FρσF
ρσ), (99)
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where FµσF
σ
ν − gµν 14FρσF ρσ is the electromagnetic stress-energy tensor. The spinor form of
the Einstein-Maxwell equation [1] is
ΦABA′B′ = 8πGϕABϕ¯A′B′ , (100)
where ϕAB, ϕ¯A′B′ are decomposed spinors of electromagnetic tensor Fµν , as following (18)
and (19). This can be deformed to
Φ BA
′
A B′ = 8πGϕ
B
A ϕ¯
A′
B′ . (101)
From Eq. (56),
−1
4
Θklσ
k B
A σ
l A′
B′
= 8πG[
1
2
(Fk0 − 1
2
i ǫijkFij)σ
k B
A ]× [
1
2
(Fl0 +
1
2
i ǫpqlFpq)σ
l A′
B′ ]
= 2πG[(Fk0Fl0 +
1
4
ǫijkǫ
pq
lFijFpq) +
i
2
(Fk0ǫ
pq
lFpq − Fl0ǫijkFij)]σk BA σl A
′
B′ . (102)
Comparing the first line with the third line in (102), we get
Skl= −8πG(Fk0Fl0 + 1
4
ǫijkǫ
pq
lFijFpq), (103)
Pkl= −4πG(Fk0ǫpqlFpq − Fl0ǫijkFij), (104)
and, from Eq. (104) we get
ǫmklPkl = −16πGFk0Fmk. (105)
For F µν such that
F µν =


0 −E1 −E2 −E3
E1 0 −B3 B2
E2 B3 0 −B1
E3 −B2 B1 0


, (106)
we have Fk0F
mk = ( ~E × ~B)m and (Fk0Fl0 + 14ǫijkǫpqlFijFpq) = EkEl +BkBl. From Eqs. (51)
and (104) we get
−1
2
ǫmklPkl= R
mi
0i = 8πG(
~E × ~B)k . (107)
This is a momentum of electromagnetic tensor and it shows that Pij/(8πG) is related to
momentum. From (49) and (103),
Skl= R0i 0j +
1
4
ǫpqiǫrsjRpq rs = 8πG(−EkEl − BkBl), (108)
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Sl l= 8πG(| ~E|2 + | ~B|2). (109)
Those are the shear stress and the energy of electromagnetic field. It shows that Sij/(8πG)
is related to stress-energy.
C. The quaternion form of differential Bianchi identity: Another Example of Sec-
tion V
The spinor form of Bianchi identity (27) is known [1] as
∇AB′XABCD = ∇A
′
B ΦCDA′B′ , (110)
which can be deformed to
∇B′AX B DA C = ∇BA
′
Φ D B
′
C A′ . (111)
In flat coordinate, ∇A′A equals to
∂A
′A = gµ A
′A∂µ =
1√
2
σµA
′A∂µ =
1√
2
σµ˜A
′A∂µ˜
=
1√
2
q¯µ A
′A∂˜µ =
1√
2
qµ A
′A∂′µ , (112)
where µ˜ is tilde-spacetime indices which is defined as Oµ˜ = (O0, i O1, i O2, i O3), Oµ˜ =
(O0,−i O1,−i O2,−i O3) for any Oµ = (O0, O1, O2, O3), Oµ = (O0, O1, O2, O3) [7]; q¯µ
is q¯µ = σµ˜A
′A = (σ0, iσ1, iσ2, iσ3) which is isomorphic to (1,−i,−j,−k), ∂˜µ = ∂µ˜ =
(∂0,−i∂1,−i∂2,−i∂3), and ∂′µ = (∂0, i∂1, i∂2, i∂3). We used the property AµBµ = Aµ˜Bµ˜ [7].
∂A
′A can be expanded to
∂A
′A= ∂0δ
A′A + ∂′kq
k A′A (113)
and, considering matrix representation, ∂AA
′
can be represented as
∂AA
′
= ∂0δ
AA′ + ∂′kq
k¯ AA′ = ∂0δ
AA′ + ∂′
k¯
qk AA
′
, (114)
where the bar index Ak¯ means the opposite-handed quantity of Ak, which is A1¯ = A1, A2¯ =
−A2, A3¯ = A3 ; when k = 2, k¯ index change sings of Ak. It has following properties,
Ak¯Bk = A
kBk¯, A
k¯Bk¯ = A
kBk, εpqrA
q¯B r¯ = −εp¯qrAqBr, εp¯q¯r¯ = −εpqr. (115)
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Then Eq. (111) can be written as
(∂0δ
B′A + ∂′kq
k B′A) Ξirq
i B
A q
r D
C = (∂0δ
BA′ + ∂′k¯q
k BA′) Φrs¯q
r D
C q
s B′
A′ , (116)
since qs¯ B
′
A′ = ε
B′D′εC′A′q
sC′
D′. Using Eq. (89),
∂0Ξirq
i B′B + ∂′kΞkrδ
B′B + εpki∂
′
kΞirq
p B′B
= ∂0Φrsq
s¯ BB′ + ∂′kΦrkδ
BB′ + εpks∂
′
k¯Φrs¯q
p B′B , (117)
which can be rearranged as
∂′k(Ξkr − Φrk)δB
′B + [∂0(Ξsr − Φrs) + εski∂′k(Ξir + Φri)]qs B
′B = 0 . (118)
This is the quaternion form of Bianchi identities.
VII. CONCLUSION
We established a new method to express curvature spinors, which allows us to grasp
components of the spinors easily in a locally inertial frame. During such a process, we
technically utilized modified sigma matrices as a basis, which are sigma matrices multiplied
by ε, and calculated the product of sigma matrices with mixed spinor indices. Using those
modified sigma matrices as a basis can be regarded as the rotation of the basis of four
sigma matrices (σ0, σ1, σ2, σ3) to (s0, s1, s2, s3) defined in Eq. (14), similar to a rotation of
quaternion basis as shown in our previous work [7]. By comparing the Ricci spinor with
the spinor form of Einstein equation, we could appreciate the roles of each component of
the Riemann curvature tensor. Furthermore, from the representation of Weyl conformal
spinor, we find that the components of Weyl tensor can be replaced by complex quantities
Ξij , which are defined in Eq. (63).
We represented the elements of sedenion basis as the direct product of elements of quater-
nion basis themselves. And then we defined a new algebra ‘sedon’, which has the same basis
representation except slightly modified multiplication rule from the multiplication rule of
sedenion. The relations between sedon and the curvature spinors are derived for a general
gravitaional field, not just for a weak gravitational field. We calculated multiplications of
spinors with a quaternion form, and observed that the results of the multiplications are also
represented in a sedon form.
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We observed that many gravitational quantities can be represented with 3-dimensional
basis. It shows that time and space may be interpreted differently from conventional in-
terpretations in which time and space are treated as the same. And the relations among
quaternion, sedon and the representations of curvature spinors imply that gravity may come
from a combination of right-handed and left-handed abstract rotational operations.
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